Abstract. We show that the Manin triple characterization of Lie bialgebras in terms of the Drinfel'd double may be extended to arbitrary Poisson manifolds and indeed Lie bialgebroids by using double cotangent bundles, rather than the direct sum structures (Courant algebroids) utilized for similar purposes by Liu, Weinstein and Xu. This is achieved in terms of an abstract notion of double Lie algebroid (where \double" is now used in the Ehresmann sense) which uni es many iterated constructions in di erential geometry.
Introduction
It is well known that Lie bialgebras may be characterized in terms of Manin triples: a Lie algebra g with a Lie algebra structure on the dual g is a Lie bialgebra if and only if the vector space direct sum g g has a Lie algebra structure making g and g isotropic subalgebras and making the natural pairing of g g with itself invariant 7] . For a general Poisson manifold P, both TP and T P have Lie algebroid structures and it is reasonable to seek a version of the Manin triple result for this case and, more generally, for Lie bialgebroids in the sense of the author and Xu 23] .
One can quickly see that the direct transposition of the notion of Manin triple to the Lie bialgebroid (TP; T P) is only valid under very restrictive conditions on P. Very recently Liu, Weinstein and Xu 14] have given a highly nontrivial development of the notion of Manin triple to the bialgebroid case. For a Lie bialgebroid (A; A ) they de ne a bracket structure on ?(A A ) which is recognizably an extension of the Manin formula and which, though it is not itself usually a Lie algebroid bracket, induces the given brackets on ?A and ?A . The properties of this bracket on E = A A are abstracted by 14] into a notion called Courant algebroid, and those Courant algebroids E which arise from Lie bialgebroids are characterized as those which possess a transversal pair of integrable isotropic subbundles L 1 ; L 2 E; these are then A; A for a Lie bialgebroid structure.
We argue here that it is also valid, and in certain senses more natural, to regard the double of a Poisson manifold P (by which we mean the double of its Lie bialgebroid) as T TP = T T P rather than TP T P. More generally, we provide a detailed justi cation for regarding the double of a Lie bialgebroid (A; A )
as not A A but T A = T A . Here T A should be regarded as in 23, Figure 1 with Lie algebroid structures. What we are seeking is an abstract set of compatibility conditions for these structures which, when applied to Figure 1 , will characterize Lie bialgebroid stuctures on A. This is our rst problem. The key to this is the notion of double Lie groupoid in the sense of a Lie groupoid object in the category of Lie groupoids. This sense of the word \double" goes back to Ehresmann 9, III{1]; double and multiple structures in this sense have been used for many years in homotopy theory 3]. This use of the word should be carefully distinguished from the Drinfel'd sense 8], which we have been discussing until now, in which a double is a self-dual object composed from a fundamental structure and its dual. Nonetheless it is one consequence of this work that the two notions of double correspond in a sense which we will make precise.
In fact the presence of double groupoids underlying Poisson groups is already well established. Lu and Weinstein 16] proved that a Poisson group may always be integrated to a symplectic double groupoid and, slightly earlier, the same authors 17] and Majid 26] gave su cent conditions for the dressing transformations of a Poisson Lie group to integrate globally; it was then shown in 19, xx2, 4] that the twisted multiplicativity conditions of these global actions re ect exactly the fact that they come from a double groupoid structure. See x2 below.
The author's interest in a prospective Lie theory for double groupoids goes back to 1988, before he was properly aware of the relationships between Poisson geometry and groupoid and algebroid theory. As stated in the Introduction to 19], the principal purpose was to understand higher-order constructions in connection theory and more generally in di erential geometry, speci cally for rendering natural the apparent lack of structure on jet prolongation spaces by embedding them in iterated multiple structures of the type encompassed by the theory given here. This aspect is still of interest and will be treated elsewhere.
In order to proceed, we need to describe the notion of double Lie groupoid in more detail (see 19] and references given there). A double Lie groupoid consists of a manifold S equipped with two Lie groupoid structures on bases H and V , each of which is a Lie groupoid over a common base M, such that the structure maps (source, target, multiplication, identity, inversion) of each groupoid structure on S are morphisms with respect to the other; see Figure 3 . One should think of elements of S as squares, the horizontal edges of which come from H, the vertical edges from V , and the corner points from M. Since S is a Lie groupoid over H we may take its Lie algebroid, called A V S, and because the Lie functor preserves diagrams and pullbacks, A V S is a Lie groupoid over AV ; see Figure 5 (a). These two structures on A V S commute in the same way that the original groupoid structures on S commute: each of the groupoid structure maps is a morphism of Lie algebroids.
We call structures of this type LA-groupoids. In the case of a double groupoid arising from a Poisson group G with dual group G , the LA-groupoids are T G and T G . See 19, x4 ]. Now one may take the Lie algebroid of the horizontal groupoid structure on A V S and obtain a double vector bundle A 2 S = A(A V S) whose horizontal structure is a Lie algebroid. Interchanging the order of the processes|so that one rst takes the Lie algebroid of the horizontal structure on S and then the Lie algebroid of the resulting vertical structure|one obtains a second double vector bundle A 2 S = A(A H S) with the Lie algebroid structure now placed vertically. These two double vector bundles may be identi ed by a map derived from the canonical involution in the double tangent bundle of S, and one thus obtains a double vector bundle all four sides of which have Lie algebroid structures; this is what we call the double Lie algebroid of S. It includes, amongst many examples, the double tangent bundle of an arbitrary manifold, the Lie bialgebra of a Poisson group, and the double cotangent bundle of a Poisson manifold. See 20] .
The construction of A 2 S = A 2 S from S ensures that the four Lie algebroid structures on the sides of Figure 5 (b) are suitably compatible. Our second problem is to isolate these compatibility conditions and give a general de nition of a double Lie algebroid without reference to any underlying double groupoid.
We will see that the solutions to these two problems are closely related.
The di culty is that whereas the notions of double groupoid and of LA-groupoid can be de ned by morphism conditions on the structure maps of a groupoid, this is not possible with double Lie algebroids. As well as its standard tangent bundle structure over A, there is a prolonged vector bundle structure (TA; T(q); TM) obtained by applying the tangent functor to the bundle projection, the zero section, the addition, and the scalar multiplication, of A. This is a double vector bundle in the sense of 28], 19, x1]; that is, the structure maps of each structure on TA are morphisms with respect to the other structure. For a traditional treatment, see 2].
Recalling the de nition sketched in the Introduction, we picture a double Lie groupoid (S; H; V ; M) and a typical element as in Figure 3 18] ) and that the Lie functor may be applied to the structure maps. We will describe examples below.
Applying the Lie functor to the vertical structure on S we obtain Figure 5 (a).
Since the Lie functor preserves pullbacks, A V S, the Lie algebroid of S ?! ?! H, has a prolonged Lie groupoid structure over AV . See 19,  A , and again this is equivalent to the condition that T G be an LA-groupoid with respect to the two structures. This characterization of Poisson Lie group(oid)s is an irreducible and nonobvious fact which shows that double structures in the Ehresmann sense|the sense of this section|are fundamentally associated with Poisson group theory. We will see further con rmation of this point below.
In 23, x5] it was shown that the structure of an arbitrary Lie algebroid A ! M can be prolonged to the tangent prolongation TA ! TM; identifying the dual of TA ! TM with T(A ) ! TM 23, 5.3] , the dual of this structure is the tangent lift of the Poisson structure on A dual to the Lie algebroid structure of A.
More generally, consider an arbitrary LA-groupoid as in Figure 7(a) . Applying the Lie functor as in Figure 5 , we get the double vector bundle in Figure 7(b) , and the vertical Lie algebroid structure in Figure 7 (a) can be prolonged to the vertical bundle of (b) 20, x1].
In the case of = T G for G a Poisson groupoid, we obtain A = AT G. This is known, by a general result for symplectic groupoids ( 5], or 23, 7.3]) , to be isomorphic to T A G, the cotangent Lie algebroid of the Lie algebroid dual.
In the case of the LA-groupoids of a double Lie groupoid S, we have the following result. These results con rm in global form that the structure of double groupoids is intrinsically associated with Poisson group structures. The deep discovery by Lu 15] of vacant double structures associated to Poisson actions provides further evidence.
We have so far glossed over the symplectic structure on the double groupoid of a Poisson Lie group. This has been possible since the Lie algebroid determined by the Poisson structure on the base of a symplectic groupoid coincides with the Lie algebroid of the groupoid structure 5]. However we now need to utilize these structures.
Duals of double structures
It is well known that there is a loose equivalence between the theories of Lie algebroids and of Poisson structures: a Poisson structure on a manifold M determines a Lie algebroid structure on T M (see 11] for history and references), and a Lie algebroid A gives rise to a (linear) Poisson structure on A 6]. These processes are nontrivial in the precise sense that they take place outside the original categories, involving the modules of sections of the Lie algebroids and the cotangents and tangents (or rings of functions) of the Poisson manifolds. It is consequently often valuable to convert problems of Lie algebroid theory into Poisson terms, and vice versa. We will see that it is correspondingly necessary, for the understanding of a double groupoid (S; H; V ; M), to place a double groupoid structure on T S. Since S has two groupoid structures, T S has two cotangent groupoid structures, over A H S and A V S. We must show that these duals are themselves groupoids over a common base.
Consider a VB-groupoid ( ; G; A; M) as in Figure 7 (a), and let K denote the intersection of the kernels of the source projection ! A and the bundle projection ! G. Call K the core of ; it has a vector bundle structure over M obtained from that in ! G 19, x4]. Pradines 29] de ned a groupoid structure on the vector bundle with base K which makes ( ; G; K ; M) a VB-groupoid with core A . If moreover is an LA-groupoid, then the core has a natural induced Lie algebroid structure 19, x4]. When = TG the core is AG and the dual VB-groupoid de nes the cotangent groupoid structure.
For a double Lie groupoid S, Brown and the author 4] de ned the core C to be the intersection of the kernels of the source projections. There is a canonical groupoid structure on C with base M which is induced by (but is not a restriction of) the structures on S. In the presence of a double version of local triviality, C and its associated structure actually determine S. We have therefore associated to any double Lie groupoid a pair of dual Lie bialgebroids with base A C. This is the key to the results of x4.
Lie bialgebroids and double Lie algebroids
We suppose given a double vector bundle 28] as in Figure 8 ; that is, each side has a vector bundle structure, and the two structures on A commute in the sense that Condition II. The anchors e a V and a V form a morphism (e a V ; a V ) of Lie algebroids with respect to the horizontal structure on A and the prolongation to TA H ! TM of the structure on A H ! M. Likewise, the anchors e a H and a H form a morphism of Lie algebroids with respect to the vertical structure on A and the prolongation to TA V ! TM of the structure on A V ! M.
We come now to the main condition. The duality for VB-groupoids of x3 can be applied to either structure on A and yields a vertical dual A V and a horizontal dual A H , which are themselves double vector bundles as in Figure 9 . Here K is the core of A, and the cores of A V and A H are (A V ) and (A H ) respectively. Remarkably, A V and A H are themselves dual. This theorem has also been found very recently by Konieczna and Urba nski 12]. Note that the pairing on the LHS of (4.1) is over K , whereas the pairings on the RHS are over A V and A H respectively. When A = TA as in Figure 2( The notion of Lie bialgebroid was de ned by the author and Xu in 23] in terms of the coboundary operators associated to A and to A ; a more e cient and elegant reformulation was then given by Kosmann-Schwarzbach in 13]. The criterion most useful in the current setting is the following. ) and it seems unlikely that, even when it does, a symplectic double groupoid S for G and G necessarily exists. We therefore wish to formulate the double cotangent structure without assuming that the Lie bialgebroid comes from a Poisson groupoid. Let A be a Lie algebroid on M such that A has a Lie algebroid structure, not a priori related to that on A. The structure on A induces a Poisson structure on A, and this gives rise to a cotangent Lie algebroid T A ! A. Equally, the Lie algebroid structure on A induces a Poisson structure on A and this gives rise to a cotangent Lie algebroid T A ! A . We transfer this latter structure to T A ! A via R.
There are now four Lie algebroid structures on the four sides of A = T A as in Figure 1 . Theorem 4.5 ( 22] ). Let A be a Lie algebroid on M such that its dual vector bundle A also has a Lie algebroid structure. Then (A; A ) is a Lie bialgebroid if and only if A = T A, with the structures just described, is a double Lie algebroid.
When (A; A ) is a Lie bialgebroid, the Lie bialgebroid associated to its double is e ectively (TA; T(A )), the tangent prolongation over TM. The Manin triple theorem as given by 17, x1] characterizes a Lie bialgebra in terms of the structure of the double on g g built out of the given structures on g and g and the two coadjoint representations. In the algebroid case the presence of the core T M precludes a corresponding structure over the base M, and we have used instead the side structures over A and A . (It is shown in 19, x2] that the diagonal structure associated with a matched pair of groupoids, de ned in terms of analogues of the dressing transformation actions, is a consequence of the triviality of the core; the cotangent double in Figure 1 has trivial core if and only if the base is trivial.) By considering the duality (4.1) one can show that a double Lie algebroid as in Figure 8 , for which both structures on A are cotangents, must be of the form of Figure 1 .
The results treated here show that double Lie algebroids stand in the same relationship to Lie bialgebroids as ordinary Lie algebroids do to general Poisson manifolds. Any (ordinary) Lie algebroid gives rise to a Poisson structure on its dual|a Poisson structure which is necessarily linear|and any Poisson manifold gives rise to a Lie algebroid structure on its cotangent. These processes are not equivalences of categories, but it is nonetheless very valuable to be able to pass from one setting to the other by means of them. It is in the same sense that we say that Drinfel'd doubles and Ehresmann doubles are coextensive: Theorem 4.5 shows that the Drinfel'd double of a Lie bialgebroid has a double structure in the sense of Ehresmann, and conversely 3.2 and Condition III of 4.2 demonstrate that every double Lie groupoid or double Lie algebroid|where \double" is now used in the Ehresmann sense|has hidden in its structure as a key ingredient, a dual pair of Lie bialgebroids and their Drinfel'd double.
We have concentrated here on the characterization of Lie bialgebroids in terms of their double cotangent Lie algebroids. However, there are a number of other characterization results for particular classes of double Lie algebroids that could be given at this stage. Firstly, it can be shown 22] that if a double Lie algebroid is vacant|that is, the core is the zero bundle|then it de nes a matched pair structure (as in Mokri 27] ) on the two side Lie algebroids. Whereas matched pairs of groups and groupoids can be de ned in terms of conditions on their elements, this characterization is in terms of diagrams of maps, and may well be capable of extension to other contexts arising in quantization.
It is also clear that some of the unexpected features of the work of Lu 15] on Poisson homogeneous spaces can be understood in terms of the dualities studied here.
Lastly, we believe that the calculus developed by Liu, Weinstein and Xu 14] will emerge naturally from the study of the double and triple structures introduced here. This is the subject of ongoing work.
